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Abstract 

Forward transition radiation is considered in an ultrasonic superlattice excited in a finite 
thickness plate under oblique incidence of relativistic electrons. We investigate the influence 
of acoustic waves on both the intensity and polarization of the radiation. In the quasi- 
classical approximation, formulas are derived for the vector potential of the electromagnetic 
field and for the spectral-angular distribution of the radiation intensity. It is shown that the 
acoustic waves generate new resonance peaks in the spectral and angular distributions. The 
heights and the location of the peaks can be controlled by choosing the parameters of the 
acoustic wave. The numerical examples are given for a plate of fused quartz. 

Keywords: Interaction of particles with matter; physical effects of ultrasonics. 
PACS Nos.: 41.60.Dk, 43.35.Sx, 43.35.-c 

1 Introduction 

Transition radiation is produced when a uniformly moving charged particle crosses an interface 
between two media with different dielectric properties. Such radiation has a number of re- 
markable properties and at present it has found many important applications (see, for instance, 
Refs. [l]-[6]). In particular, the transition radiation is widely used for particle identification, for 
the measurement of transverse size, divergence and energy of electron and proton beams. An 
enhancement for the transition radiation intensity may be achieved by using the interference 
between the radiation emitted by many interfaces in a multilayer structure. From the point of 
view of controlling the parameters of various radiation processes in a medium, it is of interest to 
investigate the influence of external fields, such as acoustic waves, temperature gradient etc., on 
the corresponding characteristics. The considerations of processes, such as diffraction radiation 
[7] , parametric X-radiation [8J , channeling radiation [9j , bremsstrahlung of high-energy electrons 
|10] . electron-positron pair creation by high-energy photons [11) . have shown that the external 
fields can remarkably change the spectral and angular characteristics of the radiation intensi- 
ties. Recently there has been broad interest in compact crystalline undulators with periodically 
deformed crystallographic planes as an efficient source of high energy photons (for a review see 
Ref. [H]). 
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In Refs. [1'6\ UM, we have considered the X-ray and optical transition radiation from ultra- 
relativisitic electrons in an ultrasonic superlattice excited in melted quartz plate. The radiation 
from a charged particle for a semi- infinite laminated medium has been recently discussed in [T2] . 
In these references the transition radiation is considered under normal incidence of a charged 
particle upon the interface of the plate. In the present paper we generalize the corresponding 
results for oblique incidence. The angle between the particle velocity and the normal to the 
interface is an additional parameter which can be used for the control of angular-frequency 
distribution and the polarization of the radiation. 

We have organized the paper as follows. In the next section we evaluate the vector potential 
for the electromagnetic field by using the quasi-classical approximation. The intensity of the 
radiation in forward direction is investigated in section [3] for both parallel and perpendicular 
polarizations. In section H] we present numerical examples for the radiation intensity in the case 
of a plate made of fused quartz. The main results of the paper are summarized in section [5j 



2 Electromagnetic field 

We consider the transition radiation under oblique incidence of a charged particle on a plate 
with dielectric permittivity eo which is immersed into a homogeneous medium with permittivity 
£i. We assume that the plate has the thickness I and its boundaries are located at z = —I and 
z = 0. In what follows the z axis is directed along the normal to the plate. The trajectory of 
the particle with velocity v is in the (x, z) plane and forms with the z axis a given angle a. 
So, we can write v = (t'sina,0,t'cosQ). We assume that longitudinal ultrasonic vibrations are 
excited in the plate along the normal to its surface, that form a superlattice. In the presence of 
the ultrasonic waves, the dielectric permittivity can be written in the form 

/ ^ — / f^o + cos {kgZ + ujst + (f>), -/ ^ z ^ 0, , > 

~ \ ei, z < -I, z > 0, ' ^ ^ 

In ([1]), Ug, kg are the cyclic frequency and the wave number of the ultrasound, and cj) is the 
initial phase. Under the condition Vg^/v <C 1, with i/g = Ws/(27r), during the transit time of the 
particle the dielectric permittivity in the superlattice is not notably changed. For relativistic 
particles and for the plate thickness / < 1 cm this leads to the constraint Ug <^ 10^^ Hz. 

Here we are interested in the radiation with frequencies uj in the spectral range co 3> kgC. 
The presence of the small parameter kgc/u allows us to employ the quasi-classical approximation 
for the evaluation of the radiation field in the forward direction. It is natural that in this case 
the plate boundaries must be sufficiently smooth. This condition is assumed to be observed 
[1] because the transition radiation on these boundaries is formed in a zone with macroscopic 
length. For the current density one has the expression 

i = ew5{x-x{t))5{y)5{z- z{t)), (2) 

where e is the charge of the particle and 

x{t) = v{t — to) sin Q, z{t) = —I + V {t — to) cos a. (3) 

Here we assume that the particle trajectory is rectilinear (for the discussion of multiple scattering 
effects see [1]). 

In the Lorentz gauge, the vector potential of the electromagnetic field corresponding to the 
source ([2]) can be taken as A = [A^,^, Az). We define the partial Fourier transform as 

A(a;,q,z) = ^ j dt j dv^A{t,v)e''^^'-^^^\ (4) 
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with q = {kx,ky) and r_|_ = {x,y). In the quasi-classical approximation, these components are 
determined by the following expressions [16] (see also [I] for the discussion of applicability of 
this approximation) 



{uj,q,z) 



dz' 



kV\z') 



exp [i i dz kz{z ) 



2kl'\z) 

Fz iz') ikx de (z') , . ,^ 
e (z'j {z') dz' ^ ' 



f dz'^(^exp U r dz"kz{z'' 



In dS]), we have defined the functions 



and 



Fp (z) = -1^^ dt dr^ jp (r,t) e 



qr^) 



(5) 

(6) 
(7) 



with p = x,z. 

For the problem under consideration, by using the expressions for the components of the 
current density, the functions Fp {z) are written in the form 



FAz) 



ee 



iujto 



Fz (z) tan a 



■ ^ + ^ f I. ■ ^ 
I (oj — kxvsm.a] 

V cos a 



(8) 



Assuming that Ae is sufficiently small, which is well satisfied for the perturbations induced by 
the ultrasound, for the function ([6]) we can write 



kziz) 



k 



(1) 

.(0) 



z < -I, z > 0, 



kz + akg cos (kgZ + cpi) , —l^z^O, 



with ifi = LOgto + (/). Here and in what follows we use the notations 

ki^^ = ^oo^e,/c^-q^ j = 0,l, 



')„2U ' 



(9) 

(10) 
(11) 



Note that a ~ XgAe/X, where is the wavelength of the acoustic wave and A is the wavelength 
for the radiated photon. 

Substituting expressions ([8]) into ([5]) and using the relation 

+ 00 



(12) 



with Jm{b) being the Bessel function of the first kind, after the integration, for the components 
of the vector potential in the region z > one finds 



A^ (w, q, z) 
Az (w, q, z) 



ee 



Air'^ckz 



^— tan a [Ci (w, q) + 2iC2 (w, q)] , 



ee 



Air'^ck 



(1) 



Ci (w, q) + 2iyj£i/£QC2 (w, q) 



(13) 
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In these expressions we have defined the functions 
Ci (w, q) : 



C2 (w, q) 



with = t> cos a and 



giA;2'''/+ia[sin(fesi— </3i)+sin((/5i)] ^Hlj (v^—k^tssici) 



k 



(1) 



tj/vz — kx tan a — /J, 

+00 



(1) 



^la sin 



a e 



m=— 00 



sin[(a;/f2 — kxtana — k^zm)l/'2] 



Uki'm/2—irrnpi 



oj/vz — kx tan q — /c. 



ki^2=ki^^ +mk,. 



(0) 

,2m 



(14) 



(15) 



For a special case a = we have Ax (w,q, z) = and the expression for Az {uj,q,z) coincides 
with the formula previously obtained in [14j for the normal incidence. 



3 Radiation intensity 

Given the vector potential we can evaluate the radiation intensity in the region z > 0. First we 
consider the total radiation intensity. The energy flux through the plane z =const is given by 
the integration of the z-projection of the Poynting vector: 



c 

47r 



dxdydt[BIi]z = 4:Tt'^c j j dci[B{u},q, z)!!* {uj,q, z)]. 



(16) 



where for the Fourier components of the electric and magnetic fields we have the expressions 



H(tJ,q,z) = i[k A(tJ,q,z)], E(a;,q,z) = [kH(w,q,z)] 

UJ£l 



(17) 



with k = (kx, ky, ki^"^). By using these relations for the spectral-angular density of the radiation 
intensity we find 



dX(uj, 6, if) 



-OJ 



47r ^/el — sin cos | [k A (a;, q, z) 



dwdOdip ' c 

where 6 and (p are the polar and azimuthal angles for the radiated photon wave vector: 

k = — -v/ei(sin 6 cos ip, sin sin 99, cos d). 
c 



(18) 



(19) 



By taking into account the expressions (jl3p and (jl4p for the components of the vector 
potential, after the averaging over the phase of particle flight into the plate, for the spectral- 
angular density of the radiated energy in the angular region with sinO < yeo/ei we find the 
expression 



1 ■ n 1 +00 

e sm K) cos a -,2 



uj/\e/{2cks 



^ m=-oo V \/eo - £1 sin2 9 



,p,a) (eo/ei-sin2 0)1/4 



X sm 



2c cos a 



Umi9,p,a) 



(20) 
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In (|2Up we have defined the functions 



Um{0,V,Ci) = l//3i — sin COS sin a — COS a-y/eo/ei — sin 9 — cosa, 



mk^c 



V{6,ip,a) = — sin0cos(^sina — cos6'cosa, (21) 

and the vectors 

P{9,ip,a) = (sin cot tana — cos 99, — sin 99 tan a), 

Cl{9,(p,a) = (\/ £i/so sin (p, cot 9 tan a — \/ ei/eo cos (p, — sin (/9 tan a), (22) 

with /3i = Vyjexjc. In general, eg and e\ are functions of uj. In the case of normal incidence the 
general formula (|2Up coincides with the result previously derived in [14]. In the discussion below 
we will assume that /3i < 1. 

Unlike to the case of the normal incidence, in the problem under consideration we have two 
different polarizations. For the first one the electric field for the radiation is parallel to the ob- 
servation plane (plane formed by the vectors k and v) and for the second one the electric field is 
perpendicular to the observation plane. These two polarizations are referred as parallel and per- 
pendicular polarizations, respectively. The spectral-angular densities for these polarizations we 
will denote by Jy (w, 0, 99) and /j_ (w, 0, 99). The radiation intensity for the perpendicular polar- 
ization is determined by the z-projection of the corresponding integrated Poynting vector which 
is given by expression ([16]) with the replacement E(a;,q, z) — )• E^(a;,q, z), where E_L(cj,q, z) is 
the component of the electric field perpendicular to the observation plane. Now, by taking into 
account that 

for the spectral-angular density of the corresponding radiation intensity one finds 



,2 



[Ex(t^,q,z)H*(w,q,z)]^ = V^Tcos 0| Ax(cJ, q, z)|^ (23) 
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lAoJ,9,^) =^T\'^^eJ'^sm9zo^^9\KAuj,c^,£)?. (24) 

By making use of expressions (fTSjl and (fT4l) . after averaging over the phase (/^i, we get the 
following final expression 

g2 {l - v^ei/eo) 
/_L (w, 0, (y9) = -j-T^ 1 ^ sin^ cos sin^ V9sin^(2a) 




xsin^ ^ ^ V^(9,ip) . (25) 



As we have already noted, the radiation intensity for the perpendicular polarization vanishes in 
the case of the normal incidence and this is explicitly seen from (I25p . The radiation intensity 
for the parallel polarization is found from the relation 

/,, (lo, 9,ip) = I {lj, 9, if) - (w, 9, if) (26) 



with the total intensity given by (j20p . 

The radiation intensities for both polarizations have peaks corresponding to the zeros of the 
function Um{9, ip, a). The angular location of the peaks is determined from the equation 



sin cos (/5 sin a + cos axl Eq/ei — s\v? 9 = l/f3i cos a. (27) 

LOWSl 
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Note that the location of the peaks does not depend on the ampUtude of the acoustic oscillations 
(within the framework of the approximation used). The amplitude will determine the heights 
of the peaks. The last term in the right-hand side of ([57D is induced by the acoustic waves. 
This term is of the order {u}s/uj){c/vs), with Vs being the velocity for the acoustic waves. In 
the presence of acoustic waves we have a set of peaks specified by m. The angular location of 
the peak with m = coincides with that for the peak in the absence of acoustic waves. The 
angular distance between the peaks induced by the acoustic waves is of the order {us/^){c/vs)- 
The condition (j27p can be written in a physically more transparent form if, in addition to (jl9p . 
we introduce the wave vector kg for the photon inside the plate (in the absence of the acoustic 
wave), with the components 

ko = — \/eo (sin^o cos sin^o sin cos ^o) ) (28) 



where sin^o = \/ei/£o sin 6 (note that the azimuthal angle ip is the same inside and outside 
the plate). Now it can be seen that, with the help of this vector, the condition for the peaks is 
written in the form 

komv = uj, kom = ko + mks, (29) 

with k<j = {0,0, kg). The latter is the Cherenkov condition for the medium of the plate. Hence, 
we conclude that the peaks in the region z > 0, determined by the condition (|27p . correspond 
to the Cherenkov radiation emitted inside the plate and refracted from the boundary. We can 
have a situation where the Cherenkov radiation emitted inside the plate is completely reflected 
from the boundary and in the exterior region we have no peaks. In this case the equation ()27p 
has no solutions. We can also have cases then the Cherenkov radiation is confined inside the 
plate in the absence of the acoustic excitations and the peaks defined by (p7|) appear as a result 
of the influence of the acoustic waves. Note that the location of the peaks can also be controlled 
by choosing the incidence angle a. 

Various special cases of formulas (j20l) and ()25p can be considered. In the case of the normal 
incidence the radiation intensity for the perpendicular polarization vanishes and for the parallel 
polarization we recover the results of Refs. [13] and for the X-ray and optical transition 
radiations respectively. In the absence of the acoustic wave we have Ae = and in formulas (I20p 
and (j25p the m = term contributes only. In this case we obtain the quasi-classical approxima- 
tion for the radiation intensity for oblique incidence. The corresponding exact expression for the 
radiation intensity in this problem is well known from the literature [T7] (see also Refs. [I] -[6]). 
The features of the optical transition radiation in a finite thickness plate for an oblique incidence 
have been discussed in Refs. [18] on the base of Pafomov's formulas. For a transparent material 
in the over-threshold case and under the condition loj/v ^ 1, the dominant contribution comes 
from the term in the exact formula with the resonant factor sin^(y)/y^, with y given by the 
argument of the sin function in (I20p with m = 0. Now, for simplicity considering the case of 
the radiation into the vacuum, it can be seen that for a relativistic particle with 1 — v/c <^ 1, 
the radiation intensity near the Cherenkov peaks is well approximated by the formulas obtained 
from ([20j) and ([25]) in the hmit Ae = 0. 

For given values of a and ip, the equation (|27p determines the location of the peaks with 
respect to the polar angle 9. We will denote the corresponding values by 6^"^\ At the peaks the 
total radiation intensity is given by the expressions 

(^^) _ e'^eiPco'^ sin3g("^) cosg^") 
''^^ " 47r2c3(eo-eisin2 0M)V2 

.Q\0i-\^,a)Jl(^^tm^]. (30) 
\ Veo - ei sin^ 6'('") / 
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For the relative contribution of the component with the perpendicular polarization one gets 



2 sin^ Lf siv? a 



(31) 



In the absence of the ultrasonic vibrations the location of the peak is given by O^'^^ The 
ultrasound reduces the height of this peak by the factor Jq ^o; Ae/ (2c/c<j ■\/eo — sin^ 9^^^)^ . In 
particular, for a given radiation frequency, the frequency or the amplitude of the ultrasound can 
be tuned to eliminate this peak (see the numerical example below). 

In the limit / — t- oo, by using the formula lim^^^oo sin^(nx)/a; = ■ku^5{u), with 5{u) being 
the Dirac delta function, for the spectral-angular density of the total radiation energy per unit 
length we find 

e^ujsiTL^ e cos 6 cos a 
loo (w, 0, if) = ==6 [Um[6, (f, a)\ 

.Q^^O,^,a) *f Jl(^^MM^], (32) 

m=-oo Vveo -eism^fc*/ 

where loo = limz^oo I i^^,9,ip) /I. A similar formula is obtained from (|25p for the per- 

pendicular polarization. In this case the radiation along a given direction has discrete spectrum 
00 = uJm, determined by the relation Um{d, = 0) explicitly 

\m\ksV cos a 

= (33) 

|1 — f3i sin cos sin a — /3i cosay eo/^i — sin 9\ 

The spectral distribution of the radiation intensity is obtained from (I32p by the integration over 
9 and (p. 



4 Radiation in a plate of fused quartz 

Having the general analysis for the radiation intensity, we turn to numerical examples. We will 
be interested in the optical transition radiation. For the numerical evaluation of the radiation 
intensity the material of the plate should be specified. We assume that the plate is made of 
fused quartz with the velocity of longitudinal ultrasonic vibrations Vs ~ 5.6 x 10^ cm/s. For the 
corresponding dielectric permittivity we use the Sellmeier dispersion formula 

with the parameters oi = 0.6961663, 02 = 0.4079426, 03 = 0.8974794, h = 0.0684043, h = 
0.1162414, I3 = 9.896161. In (|34p . A is the wavelength of the radiation measured in micrometers. 
Formula ()34p well describes the dispersion properties of fused quartz in the range 0.2/im ^ A ^ 
6.7/xm. In this spectral range fused quartz is very weakly absorbing. 

In figures below we plot the spectral-angular density of the total radiation intensity in the 
forward direction, I(uj,9,ip)/h, and the spectral-angular density for the component with per- 
pendicular polarization, I_i_(uj,9,(p)/h, for electrons with the energy 2 MeV and for the plate 
thickness I = 1 cm. For the oscillation amplitude we have taken the value An/ng = 0.05, where 
no is the number of electrons per unit volume for fused quartz. 
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As it is seen from the graphs and in accordance with general features described above, the 
presence of the acoustic wave leads to the appearance of new peaks in both angular and spectral 
distributions of the radiation intensity. The height of the peaks can be tuned by choosing 
the parameters of the acoustic wave. In particular, the peak in the radiation intensity which 
is present in the absence of the acoustic wave is reduced by the factor JQ(a), where a is the 
argument of the Bessel function in ()20p . In particular, this peak can be completely removed by 
taking the parameters of the acoustic wave in such a way to have a = Jq^s, s = 1, 2, 3, . . ., where 
z = jo,s are the zeroes of the function Jo{z). 

In figure [T] we plot the radiation intensity, defined by (j20l) , as a function of the polar angle 
9 for separate values of the angle a (numbers near the curves) and for the cyclic frequency 
u! = 2.73 X 10^^ Hz. For the azimuthal angle we have taken the value ip = 0.369. The graphs in 
figure [Dare plotted for the frequency of acoustic wave Vg = 5 MHz. Dashed curves correspond to 
the radiation in the situation where the acoustic wave is absent. Left and right panels show two 
different sets of the peaks. Similar graphs for the radiation with the perpendicular polarization 
are displayed in figure [2] for the same values of the parameters. The peaks in the spectral 
distribution of the radiation intensity for a polar angle 9 = 0.253 are shown in figure [3] for the 
total intensity (left panel) and for the radiation with perpendicular polarization (right panel). 
The values of the other parameters are the same as those for figure [TJ In figure H] we show the 
spectral distribution for the total intensity (left panel) and for the intensity of the radiation 
with perpendicular polarization (right panel) for separate values of the acoustic wave frequency 
I's (numbers near the curves). An example is presented where the m = peak in the absence of 
the acoustic wave is completely suppressed by the acoustic wave. 
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Figure 1: The angular distributions of the radiation intensity for two separate sets of peaks 
for different values of the incidence angle a (numbers near the curves). The dashed curves 
correspond to the transition radiation in the case where the acoustic wave is absent. The values 
of the parameters are as follows: uj = 2.73 x 10^^ Hz, ip = 0.369, = b MHz. 



5 Conclusion 

We have investigated the transition radiation under oblique incidence of a charged particle in the 
presence of acoustic waves. In the quasi-classical approximation, formulas are derived for vector 
potential of the electromagnetic field and for the radiation intensity in the forward direction. The 
spectral-angular density of the radiated energy is given by formula (I20p for the total radiation 
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Figure 2: The same as in figured] for the perpendicular polarization. 
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Figure 3: The spectral distribution of the radiation intensity for a polar angle 9 = 0.253 for the 
total intensity (left panel) and for the radiation with perpendicular polarization (right panel). 
The values of the other parameters are the same as those for figure [H 
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Figure 4: Spectral distribution for the total intensity (left panel) and for the intensity of the 
radiation with perpendicular polarization (right panel) for separate values of the acoustic wave 
frequency Vg (numbers near the curves). 

and by (j25p for the component with perpendicular polarization. The radiation intensities for 
both polarizations have strong peaks with the angular location determined from the condition 
()27p . This condition is written in a physically more transparent form, Eq. (j29p . in terms of 
the photon wave vector inside the plate. The latter clearly shows that the peaks correspond 
to the Cherenkov radiation emitted inside the plate and refracted from the boundary. In the 
presence of acoustic waves we have a set of peaks specified by m. The angular distance between 
them is of the order {ujs/ijo){c/vs)- The radiation intensity at the peaks is given by expressions 
(I30p and (I3ip . The angular- frequency parameters of the peaks can be controlled by tuning the 
amplitude and the wavelength of the ultrasound. In particular, we can have a situation where 
the peaks in the forward direction are absent in the absence of the acoustic excitations and they 
appear as a result of the influence of the acoustic waves. The numerical examples are given for 
the optical transition radiation in a plate of fused quartz. These results show that the acoustic 
waves allow to control the both angular and spectral parameters of the radiation. In particular, 
new resonance peaks appear in the spectral-angular distribution of the radiation intensity. An 
additional parameter which can be used for the control is the incidence angle. 
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